The various concepts of open balls in D-metric spaces are studied in the case of certain D-metric spaces and many results in the literature on such balls are shown to be false.
Introduction
Dhage [1, 2, 3] introduced the concept of open balls in a D-metric space in two different ways and discussed at length the properties of the topologies generated by the family of all open balls of each kind. Here we observe that many of his results are either false or of doubtful validity. In some cases we give examples to show that either the results are false or that the proofs given by him are not valid. With regard to one type of open balls we observe that some of them may be empty and that the ball with a given center may not increase as the radius increases. The latter is contrary to a remark made by Dhage based on which he proves that the family of all open balls forms a base for a topology. [1] . A sequence {x n } in a D-metric space (X,ρ) is said to be convergent (or ρ-convergent) if there exists an element x of X with the following property: given ε > 0 there exists an N ∈ N such that ρ(x m ,x n ,x) < ε for all m,n ≥ N.
In such a case, it is said that {x n } converges to x and x is a limit of {x n } and write
Notation. Let (X,ρ) be a D-metric space, x 0 ∈ X, and r ∈ (0,∞). Let
( * (x 0 ,r) are any two points, then ρ(x 0 , y,z) < r}. This definition is meaningless. The definition as given in the notation is the natural refinement of it. Dhage defined B(x 0 ,r) in [1] as
Probably due to the fact that the above definition is not meaningful, Ume and Kim [5] refined it and attributed it to Dhage. Their refined version reduces to the following:
Here we have denoted it asB(x 0 ,r). 
We have
p (x 0 ,r). We have
( We now give an example of a D-metric space (X,ρ) in which (i) the family {B(x, r) : x ∈ X and r ∈ (0,∞)} does not form a base for any topology on X, (ii) for each x ∈ X, there exists an r x ∈ (0,∞) such that B(x,r x ) = φ, (iii) there exist z 0 ∈ X and r 1 ,r 2 ∈ (0,∞) such that r 1 < r 2 and B(z 0 ,r 1 ) B(z 0 ,r 2 ). 
(1.13)
Then (X,ρ) is a D-metric space and ρ(x, y,z) ≤ 1 for all x, y,z ∈ X.
Let r ∈ (0,∞). We have
(1.14)
For x 0 ∈ A, we have
(1.15) For x 0 ∈ B, we have
(1.16)
We note that for x 0 ∈ B,
(1.17)
(1.19) For x 0 ∈ B, we have
(1.20)
On the concepts of balls in a D-metric space
We have 
( We now give an example of a D-metric space (X,ρ) in which (i) {B(x, r) : x ∈ X and r ∈ (0,∞)} forms a base for a topology on X which is T 0 but not T 1 , (ii) {B * (x,r) : x ∈ X and r ∈ (0,∞)} forms a base for a topology τ on X which is T 1 but not Hausdorff. Let x 0 ∈ X and r ∈ (0,∞). We have
(1.28)
Obviously {B(x, r) : x ∈ X and r ∈ (0,∞)} forms a base for a topology, say, τ 1 on X. If x 1 ,x 2 ∈ X and x 1 < x 2 , then any neighbourhood of x 2 contains x 1 . Hence τ 1 is not T 1 . In particular, it is not Hausdorff. If x 1 ,x 2 ∈ X and x 1 < r < x 2 , then x 1 ∈ B(x 1 ,r) but x 2 ∈ B(x 1 ,r). Hence τ 1 is T 0 .
Clearly {B(x, r) : x ∈ X and r ∈ (0,∞)} forms a base for the discrete topology, say, τ 2 on X. A sequence {x n } in X converges to an element x 0 of X with respect to τ 2 if and only if x n = x 0 for all sufficiently large n (since {x 0 } is a τ 2 -open set). However, {1/2 n } converges to zero with respect to the D-metric ρ. Thus for sequences in X τ 2 -convergence and convergence with respect to the D-metric ρ are not equivalent.
Evidently, {B * (x,r) : x ∈ X and r ∈ (0,∞)} forms a base for a topology, say, τ on X. A nonempty subset U of X is τ-open if and only if U = {x ∈ X : x < r} ∪ S for some r ∈ (0,∞) and for some subset S of X. If x 1 ,x 2 ∈ X, r 1 ,r 2 ∈ (0,∞), and r 3 = min{r 1 ,r 2 }, then φ = {y ∈ X : y < r 3 } ⊆ B
* (x 1 ,r 1 ) ∩ B * (x 2 ,r 2 ). Hence τ is not Hausdorff. A subset A of X is τ-closed if and only if there exists an r ∈ (0,∞) such that A ⊆ {x ∈ X : x ≥ r}. Since each element of X is positive, it follows that {x} is τ-closed for each x in X. Hence X is T 1 . Since τ is T 1 and not Hausdorff, it is not regular.
For x 0 ∈ X and a nonempty subset A of X \ {x 0 }, we have ρ(x 0 ,x 0 ,A) = x 0 . A sequence {x n } in X converges to an element x 0 of X with respect to τ if and only if given ε > 0 there exists n ∈ N such that for any integer n ≥ N either x n < ε or x n = x 0 . Hence {1/2 2n } converges to 1/2 with respect to τ. It can be seen that {1/2 2n } converges to 1/2 with respect to τ 1 also. Let A be a nonempty subset of X \ ({1/2 2n : n ∈ N ∪ {1/2}}). Then {ρ(1/2 2n ,1/2 2n ,A)} = {1/2 2n } converges to zero with respect to the usual topology of the real line. But ρ(1/2,1/2,A) = 1/2 = 0. Hence the function x → ρ(x,x,A) is not continuous when X is equipped with the topology τ or τ 1 and the real line with the usual topology.
Since {1/2 2n } converges to 1/2 with respect to τ and ρ(1/2 2n ,1/2,1/2) = 1/2 for all n ∈ N, {ρ(1/2 2n ,1/2,1/2)} does not converge to ρ(1/2,1/2,1/2) = 0. Hence the D-metric ρ is not sequentially continuous with respect to τ even in a single variable.
